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It is quite important to enhance and control the optomechanically induced high-order sideband generation to
achieve low-power optical comb and high-sensitivity sensing with an integratable structure. Here we present and
analyze a proposal for enhancement and manipulation of optical nonlinearity and high-order sideband generation
in a hybrid atom-cavity optomechanical system that is coherently driven by a bichromatic input field consisting
of a control field and a probe field and works beyond the perturbative regime. Our numerical analysis with
experimentally achievable parameters confirms that robust high-order sideband generation and typical spectral
structures with non-perturbative features can be created even under weak driven fields. The dependence of the
high-order sideband generation on the atomic parameters are also discussed in detail, including the decay rate
of the atoms and the coupling parameter between the atoms and the cavity field. We show that the cutoff order
as well as the amplitude of the higher order sidebands can be well tuned by the atomic coupling strength and
the atomic decay rate. The proposed mechanism of enhancing optical nonlinearity is quite general and can be
adopted to optomechanical systems with different types of cavity.
PACS numbers: 03.65.Ta, 42.50.Wk
I. INTRODUCTION
Cavity optomechanics which studies the interaction be-
tween light and mechanical oscillation [1–3] has become a
rapidly developing field recently and plays an important role
in many fields of physics, including precision measurements
[4–7], gravitational-wave detectors [8–10], integrated optical
components [11], cooling of mechanical oscillators [12, 13],
and manipulation of light propagation [14]. It has been shown
that many effects observed in atomic systems can also occur
in an optomechanical system through mechanical effects of
light. A typical example is optomechanically induced trans-
parency [15] that the transmission of a probe field through
an optomechanical device can be modulated all-optically us-
ing a strong control field in analogy to electromagnetically in-
duced transparency. Other phenomena in atomic vapors, such
as slow light and optical storase, have also been observed in
optomechanical system [16–18] due to the strong dispersion
concomitant with the transparency window.
Combination of optomechanical systems with atoms gives
rise to hybrid atom-cavity optomechanical systems, which
provides the coherent manipulation of light with additional
degrees of freedom and has undergone rapid progress in the
past few years. This emerging subject leads to a variety of
applications, including convenient control of optomechanical
devices [19], single-photon transport [20], and resolving the
vacuumfluctuations [21]. Recently, it has been shown that fast
and slow light effect can be enhanced and mutual switched in
a hybrid atom-cavity optomechanical system [22], which may
pave the way toward real applications, such as optomechan-
ical memory and telecommunication [23]. All these effects
involve the linearized description of optomechanical interac-
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tions, and can be well explained by the linearized Heisenberg-
Langevin equations.
Optomechanical interaction is intrinsic nonlinear, and more
and more attention has been dedicated to exploring the non-
linear property of optomechanical interaction in recent years
[24–27]. Cavity optomechanics in the nonlinear regime has
many interesting phenomena in both semiclassical and quan-
tum mechanisms. In the semiclassical mechanism, optome-
chanical nonlinearity induced high-order sideband genera-
tion [28–31] and optomechanical chaos [32, 33]. Similar to
high-order harmonic generation in atomic systems [34], the
high-order sideband generation may find applications in many
aspects, including generation of excellent optical-frequency
combs [35, 36] and precision measurement of DNAmolecules
properties [37]. However, robust high-order sideband gen-
eration can only occur under ultrastrong driven fields in the
nonperturbative regime [28, 29]. In view of the potential ap-
plications of high-order sideband generation, an interesting
question is concerned about that whether one can easily gen-
erate and amplify the high-order sideband generation with ex-
perimentally system parameters. Furthermore, it is quite im-
portant to enhance and control the optomechanically induced
high-order sideband generation to achieve low-power optical
comb and high-sensitivity sensing with an integratable struc-
ture.
In this paper, we present and analyze a proposal for en-
hancement and manipulation of optical nonlinearity and high-
order sideband generation in a hybrid atom-cavity optome-
chanical system that is coherently driven by a bichromatic in-
put field consisting of a control field and a probe field, and
works beyond the perturbative regime. We show that the
two-level atoms can obviously strengthen the optomechani-
cal nonlinearity in our scheme, and robust high-order side-
band generation as well as typical spectral structures with non-
perturbative features can be created even under weak driven
fields. The features of high-order sideband generation can be
2easily adjust and amplify, which may be of great interest in
view of its potential value on present-day photonic technol-
ogy [38, 39].
The paper is organized as follows. In Sec. II, we present
the theoretical description of a hybrid optomechanical system
and give the derivation of Heisenberg-Langevin equation of
motion in the present of the two-level atoms. In Sec. III,
we show that the two-level atoms play an important role in
the hybrid optomechanical system which can greatly induced
the generation and amplification of the high-order sidebands.
Finally, a conclusion is summarized in Section IV.
II. PHYSICALMODEL AND DYNAMICAL EQUATION
A schematic description of a hybrid atom-cavity optome-
chanical system is shown in Figure. 1 (a). The system consists
of a high-Q Fabry-Perot cavity, in which one mirror is mov-
able and treated as a quantum mechanical harmonic oscillator
with effective mass m and angular frequency Ωm, and an en-
semble of N identical two-level cold atoms imprisoned in a
magneto-optical trap locating at the middle of the cavity field
[40]. The mechanical oscillator and atoms are coupling to the
cavity mode via optomechanical and dipolar interactions, re-
spectively. In this letter, our system is driven by two fields: a
strong control field with frequency ωl and a weak probe field
with frequencyωp. The Hamiltonian of our scheme can there-
fore be written as:
Hˆ0 = ~ωcaˆ
†aˆ + (
pˆ2
2m
+
1
2
mΩ2 xˆ2) + ~
N∑
i=1
ωaσˆ
(i)
ee
+~Gaˆ†aˆxˆ + ~g
N∑
i=1
(aˆσˆ
(i)
eg + aˆ
†σˆ(i)ge) + Hˆin (1)
where the first term is the free Hamiltonian of the cavity field
with annihilation and creation operators aˆ and aˆ†. The sec-
ond term denotes the energy of the mechanical oscillator with
xˆ and pˆ being the position and momentum operators, respec-
tively. The third term expresses the Hamiltonian of the two-
level atom system, where σˆ
(i)
eg = |e〉ii〈g| for e , g is the elec-
tronic projection operator and e = g is the population operator
of the ith atom, and ωa is the transition frequency between the
ground state |g〉 and excited states |e〉. The fourth term de-
scribes the interaction of the cavity field and the movable mir-
ror via radiation pressure with the optomechanical coupling
strength G. The next term represents the coupling between
the two-level atoms and cavity field, where g = µ
√
ωc/2~Vε0
is the single-atom vacuumRabi frequencywith the dipole mo-
ment µ, the cavity volume V , and the vacuum permittivity ε0.
Hˆin = Hˆcontrol + Hˆprobe where Hˆcontrol = i~εl(aˆ
†e−iωlt − aˆeiωlt)
and Hˆprobe = i~(aˆ
†εpe−iωpt−H.C.). εi =
√
2κPi/~ωi (i = l, p)
are the amplitudes of the input field with Pl the power of the
control field, and Pp the power of the prob field. κ is the total
decay rate of the cavity field which contains an intrinsic loss
rate κo and an external loss rate κex.
A previous study [41] has shown that the two-level atoms in
a cavity field can be seen as a whole for the large atomic num-
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FIG. 1: (Color online) (a) The schematic diagram of our hybrid op-
tomechanical system. An ensemble of N identical two-level cold
atoms, with transition frequency ωa and decay rate γa, are embed-
ded in the cavity field. Levels |g〉 and |e〉 denote, respectively, the
ground and excited states of the atom. (b) Frequency spectrogram
of a hybrid atom-cavity optomechanical system. The red line rep-
resents the atom frequency is detuned by ∆a from the control field.
There are second-, third-, and high-order sidebands generation due
to the nonlinear optomechanical interactions.
ber N in the case of most of the atoms are originally prepared
in the ground state. We can therefore define:
ρˆa = lim
N→∞
N∑
i=1
(g∗i /gac)|1〉ii〈2|, (2)
as a collective transition operator satisfying the bosonic com-
mutation relation [ρˆa, ρˆ
†
a] = 1. gac = g
√
N =
√∑N
i=1 |gi|2
is the collective vacuum Rabi frequency equaling to the total
coupling strength between the atomic en bloc and the cav-
ity field, which will enhance with the increasing of atomic
number N. Transforming the Hamiltonian into the rotat-
ing frame at the frequency ωl based on Hˆl = ~ωlaˆ
†aˆ and
Ut = e
−iHˆlt/~ = e−iωl aˆ
†aˆt gives the following Heisenberg equa-
tions:
˙ˆx =
pˆ
m
,
˙ˆp = −mΩ2m xˆ − ~Gaˆ†aˆ − γm pˆ +
√
2γmFˆth(t),
˙ˆa = −(2κ + i∆c + iGxˆ)aˆ − igacρˆa
+εl + εpe
−iδt
+
√
2κaˆin(t),
˙ˆρa = −(γa + i∆a)ρˆa − igacaˆ +
√
2γaρˆth(t), (3)
where ∆c = ωc − ωl, ∆a = ωa − ωl, and δ = ωp − ωl
are the detunings of the cavity field frequency, the atomic
transition frequency, and the probe field frequency, with the
control field frequency, respectively. Here, we have classi-
cally introduced the damping γm of the mirror and the de-
cay rate γa of the two-level atom. The thermal Langevin
force Fˆth(t), resulting from the coupling of the mechanical
oscillator to the environment, satisfy the correlation function
〈Fˆth(t)Fˆ†th(t
′
)〉 = γm
∫
e−iω(t−t
′
)[coth(~ω/2kBT) + 1]dω/2piΩm,
3where kB and T are the Boltzmann constant and the temper-
ature of the reservoir of the mechanical oscillator, and the
mean value 〈Fˆth(t)〉 = 0 [42]. The quantum noise of the opti-
cal cavity and the two-level atoms are represented by aˆth(t)
and ρˆth(t). Without loss of generality, aˆth(t) and ρˆth(t) re-
sulting from the environment, obey the correlation function
〈aˆth(t)aˆ†th(t
′
)〉 = δ(t − t′ ), 〈ρˆth(t)ρˆ†th(t
′
)〉 = δ(t − t′ ), and the
average value 〈aˆth(t)〉 = 0, 〈ρˆth(t)〉 = 0 [42], which is demon-
strated to be valid in the concerned weak-coupling regime [1].
In this work, we are interested in the average response of the
system, so the operators can be reduced to their expectation
values, i.e., x(t) ≡ 〈xˆ(t)〉, p(t) ≡ 〈pˆ(t)〉, a(t) ≡ 〈aˆ(t)〉, and
ρa(t) ≡ 〈ρˆa(t)〉. Using a so-called mean-field approximation,
viz., 〈xa〉 = 〈x〉〈a〉, the Heisenberg-Langevin equations can
be written as:
dβ
dt
= Mβ + ξ (4)
where β = (p, x, a, ρa)
T, ξ = (0, 0, εl + εpe
−iδt, 0)T and
M =

−γm −mΩ2m −~Ga† 0
1/m 0 0 0
0 0 ℜ −igac
0 0 −igac −(γa + i∆a)

where ℜ = −(2κ + i∆c + iGx). This set of equations are
describe the evolution of the hybrid optomechanical system.
Note that, if gac = 0, our system is reduced to a traditional
optomechanical system, where optical polarizer [11], optical
transmission [14] and fiber-optical frequency comb [35] have
been discussed in the perturbative regime. In our study, we
numerically analyze the nature of the optomechanical interac-
tion beyond the conventional linearized description, and give a
full presentation of the non-perturbative effects in our scheme.
III. RESULTS AND DISCUSSION
The Heisenberg-Langevin equations discussed above are
nonlinear, and it is very difficult to give an analytical solu-
tion. A procedure that ignores these nonlinear terms has been
generally adopted in many previous works [4, 5, 15]. Using
the linearization of the Heisenberg-Langevin equations, op-
tomechanically induced transparency in a hybrid atom-cavity
optomechanical system has been discussed in a previous work
[22], and it is shown that the fast and slow light can be en-
hanced and mutual switched [41]. Following the analytical
perturbation method of describing the linearized optomchani-
cal interaction, each operator average value can be written as
a sum of its steady-state value and fluctuations from the sta-
tionary state, viz., a = a¯ + δa and x = x¯ + δx. In the case that
the control field is much stronger than the probe field, we can
obtain the steady-state solution of Eqs. (4) [15]:
a¯ =
εl
2κ + i∆c + Θ
, x¯ =
~G|a¯|2
mΩ2m
(5)
where Θ = iGx + g2ac/(γa + i∆a). We can see that the intra-
FIG. 2: (color online) The photon number |a¯|2 as a function of (a) the
atomic coupling strength gac, and (b) the power of the control field
Pl. The other parameters are m = 10 ng, Ωm/2pi = 10 MHz, G/2pi =
0.4 GHz/nm, κ/2pi = 1 MHz, γm/2pi = 100 Hz, γa/2pi = 2.875 MHz,
∆c = ∆a = Ωm, wavelength of the laser λ = 2pic/ωl = 794.98 nm,
Pl = 0.5 mW, and εl= 0.05εp. All the parameters are chosen based
on the recent experiment [43, 44] and can be achieved under current
technology.
cavity photon number |a¯|2 shows a strong dependence on the
two-level atoms. Figure. 2 (a) plots the photon number |a¯|2
varies with the total coupling strength gac. It is shown that
the photon number rapidly increases with the atomic coupling
strength within the regime gac/2pi ∈ [0, 10] MHz, which re-
minds us of the possibility of enhancing the optomechanical
nonlinearity in our system by introducing the atoms. In ad-
dition, the relationship between the photon number |a¯|2 and
the control power was plotted in Fig. 2 (b). It can be found
that the number of photons increases linearly with the control
power. Comparing with the bare cavity (as red line shows),
the photon number is obviously enhanced in the presence of
the two-level atoms (as blue dash-dotted line shows).
Some interesting phenomena appear when we consider the
nonlinear terms in Eqs. (4), such as higher-order sidebands
generation [30], optomechanical induced sum (difference)-
sideband generation [45], and Kuznetsov-Ma solitons in op-
tomechanical system [46]. In the present work, the nonlinear
terms in a hybrid atom-cavity optomechanical system is more
complex due to the coupling between the cavity and the two-
level atoms, and we mainly discuss the effect of the atoms on
high-order sideband generation in our scheme. Eqs. (4) are or-
dinary differential equations, and we use Runge-Kutta method
to solve these equations. We use a|t=0 = 0, x|t=0 = 0, p|t=0 = 0,
and ρa|t=0 = 0 as the initial condition [47]. The output field
sout(t) can be obtained by using the standard input-output no-
tation sout(t) = sin(t)−
√
2κa(t). sin(t) = εle
−iωlt+εpe−iωpt is the
driving field containing a control field and a probe field, and
the amplitudes of the control field εl and the probe field εp are
normalized to a photon flux at the input of the cavity [29]. The
output spectrum can be obtained by performing fast Fourier
transform of sout(t), i.e., S (ω) ∝ |
∫ ∞
−∞ sout(t)e
−iωtdt| with ω is
the spectrometer frequency. The physical picture of this trans-
form is that the output field of the system can be formally
expressed in the time domain by sout(t) =
∑n
i=0 Aie
−i(ωc±δ)t
(i = 0, 1, 2 · ··), where Ai is the ith transmission coefficient
4FIG. 3: (Color online) The higher-order sidebands generation spectra
output from the hybrid optomechanical system are shown with dif-
ferent atomic coupling parameter gac: (a)gac/2pi = 0 MHz, (b) gac/2pi
= 12.6 MHz, (c) gac/2pi = 12.9 MHz, (d) gac/2pi = 13.2 MHz, respec-
tively. The other parameters for simulation are chosen as the same as
in Fig. 2.
of the output field, and we can see that there are frequen-
cies ωc ± δ generating in the frequency spectrum of the output
field. For simplicity, we change the time evolution of the out-
put field from the time domain to the frequency domain by
doing fast Fourier transform, which can be directly measured
[48]. We use experimentally realizable parametric values of
the optomechanical system [43, 44] in our numerical calcu-
lation. Before passing to the results of the numerical calcu-
lation, we need to emphasize that the spectra obtained shift a
frequencyωl, because the Heisenberg-Langevin equations de-
scribe the time evolution of the optical field in a frame rotating
at the control frequency ωl.
To illustrate the remarkable influence of the two-level
atoms on high-order sideband generation, the frequency spec-
tra output from the hybrid optomechanical system is shown
in Fig. 3. We can clearly see that the cutoff order and the
amplitude of higher-order sidebands can be significantly en-
hanced by two-level atoms. Under the weak driving field,
the power of the control field Pl = 0.5 mW and probe field
Pp = 1.25 µW, and the atomic coupling strength is switched
off, i.e., gac = 0, as shown in Fig. 3 (a), there are only
the first-order, second-order and third-order sidebands obvi-
ously appear in the frequency spectra. Furthermore, on the
whole the higher the order we considered, the small the ampli-
tude obtained, which clearly works in the perturbative regime.
Advantageously, we find that resonantly enhanced feedback-
backaction arising from nonlinear optomechanical interaction
can be substantively reinforced in the presence of two-level
atoms. Different from Fig. 3 (a), due to the reinforcement
of optomechanical nonlinearity between cavity field and me-
chanical oscillator induced by two-level atoms, not only the
cutoff order but the amplitude of the higher-order sidebands
are enhanced as well. As shown in Fig. 3 (b), the value of the
FIG. 4: (Color online) The order and amplitudes of the higher-order
sidebands under different atomic coupling strength gac. The other
parameters for simulation are chosen as the same as in Fig. 2.
atomic coupling strength gac/2pi = 12.6 MHz and ∆c = ∆a,
viz., ωc = ωa, namely, the cavity field frequency is resonant
with the atomic transition frequency, the sideband spectrum
ends up at the order of 6 and the intensity of each sideband
is strengthened. From above discussion, we can note that the
two-level atoms play a vital role in an optomechanical system,
especially in the generation and amplification of higher-order
sidebands, and we call it atomic-resonant-induced high-order
sideband generation.
To further enhance optical nonlinearity and high-order side-
band generation, we continue to increase the atomic coupling
strength gac/2pi = 12.9 MHz and the frequency spectrum out-
put from the hybrid optomechanical system is shown in Fig. 3
(c). The frequency spectrum is quite different with respect to
Fig. 3(b), for example, the amplitude of the second-order side-
band is larger than the first-order sideband. A plateau appears
in the sideband spectrum where all the sidebands have nearly
the same strength, which is the typical nonperturbative feature
of the high-order sideband generation [28]. We can clearly
see that the order of the sideband in frequency spectrum visi-
bly ends up at the order of 16, and the intensity of each side-
band is also distinctly enhanced. To get a robust high-order
sideband generation, we use an even stronger atomic coupling
strength gac/2pi = 13.2 MHz, and the frequency spectrum of
the output field is shown in Fig. 3 (d), in which the cutoff or-
der is extended to about 19 and the strength of the sidebands
are further enhanced. We note that, especially, the strength of
the high-order sidebands can be easily modulated and ampli-
fied by adjusting the atomic coupling strength, which is more
superior and achievable than the power-driven-induced high-
order sideband generation discussed previously [29]. Such
a prominent atomic-resonance-induced high-order sideband
generation in view of our scheme reminds us of the possibil-
ity of realizing adjustable optical-frequency-comb with weak
power.
We observe a high dependence of the high-order sideband
generation on the two-level atoms and more clear results are
shown in Fig. 4 with the same experimental parameters. A
previous study [35] has shown that the coupling between the
5FIG. 5: (Color online) The higher-order sidebands generation spec-
tra output from the hybrid optomechanical system are shown under
different atom decay rate γa: (a) γa/2pi = 2.875 MHz, (b) γa/2pi =
3.306 MHz, (c) γa/2pi = 3.738 MHz, (d) γa/2pi = 4.169 MHz, re-
spectively. The atomic coupling strength gac/2pi = 13.2 MHz and the
other parameters are the same in Fig. 2.
atoms and optical cavity have three different forms, i.e., the
under-coupling, critical-coupling and over-coupling. It can
be found that when the atomic coupling in the under-coupling
regime, the order as well as intensity of the sidebands have not
been greatly enhanced, and a typical nonperturbative feature
of the high-order sideband generation does not appears (as the
green dash-dotted line and red dotted line shown). Different
from the under-coupling case, both the order and the ampli-
tudes of the high-order sidebands have been reinforced, and
a typical nonperturbative feature of the high-order sideband
generation appears in the output spectrum when the coupling
strength reaches the critical value (as the green dash-dotted
line shown). However, when the atomic coupling exceeds the
critical value into the over-coupling range, the growth trend
of the sideband intensity and order is obviously slowed down
(as the pink dotted line shown). The atomic coupling gac is
proportional to the atom number N, and the photon number
in the cavity field will tend to saturation when the atom num-
ber reaches a certain critical value. Namely, the process of
the photon annihilation and phonon creation will tend to be
stable.
In what follows, we discuss the effects of the atomic atten-
uation on high-order sideband generation. We plot the fre-
quency spectra output from the hybrid optomechanical sys-
tem under different atomic decay rate γa in Fig. 5. Evidently,
we can see that the order as well as amplitude of the high-
order sidebands are closely related to the damping of the two-
level atoms. For the case that the atom decay rate γa/2pi =
2.875MHz, a robust high-order sideband generation appears
in the frequency spectrum of the output field, as shown in Fig.
5 (a) (same as Fig. 4 (d)). As expected, the order and in-
tensity of the sidebands is decreased when we reinforce the
decay rate of the atoms. The results are shown in Fig. 5 (b)
and (c), the intensity of the sidebands are obviously weakened
and the cutoff order of the high-order sidebands are reduced
to 15 and 12 corresponding to the atom decay rate γa/2pi =
3.306 MHz and γa/2pi = 3.738 MHz, respectively. A remark-
able result is shown in Fig. 5 (d) when we again increase the
atomic damping γa/2pi = 4.169 MHz. We can see that the or-
der of the sidebands are drastically reduced, and there are only
the first-order, second-order and third-order sidebands visible
in transmission spectrum and the amplitude of each sideband
is greatly weakened. The physical picture of such result is
that with the increase of atomic attenuation rate, the effective
transition between the atomic energy levels will be impeded.
Namely, the atoms in high energy state will soon decay to low
energy state which mean that the optomechanical nonlinearity
can not be effectively improved and, therefore, the effects of
atomic-resonant-induced high-order sideband generation are
also suppressed.
In addition, it is not difficult to find that the linewidth of
the high-order sidebands spectra are very narrow and almost
to a line, which can be well explained by the uncertainty rela-
tions of time and frequency. According to the time-frequency
uncertainty relation ∆ω∆t ∼ 2pi, we can calculate the uncer-
tainty of the frequency as ∆ω ∼ 2pi/∆t. In this woke, we use
two continuous-wave laser to drive the hybrid optomechanical
system and it lasts about infinity, i.e., ∆t → +∞. Obviously,
the uncertainty of the frequency ∆ω → 0. In this way, we can
well explain the relatively narrow of the high-order sidebands
generation.
IV. CONCLUSION
In summary, we analyze high-order sideband generation in
a hybrid atom-cavity optomechanical system, and we show
that the two-level atoms embedded in the cavity field can dra-
matically enhance optomechanical nonlinearity, and the pho-
ton number of the optical cavity and the displacement of the
mechanical oscillator are reinforced. We find that a typical
spectral structure with non-perturbative features can be cre-
ated even under weak driven fields due to the atomic-resonant-
induced high-order sideband generation. The dependence of
the high-order sideband generation on the atomic parameters
are discussed in detail, including the atomic coupling strength
and atomic decay rate. We reveal that the cutoff order as well
as amplitude of the sidebands can be well tuned by the atomic
attenuation rate and coupling strength between the atom and
the cavity field. This investigation may provide further insight
into the understanding of the nonlinear optomechanical inter-
actions beyond the perturbative regime and find applications
in optical comb with weak power.
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